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Abstract
An analog of classical “hidden variables” for qubit states is presented. The states
of qubit (two-level atom, spin-1/2 particle) are mapped onto the states of three
classical–like coins. The bijective map of the states corresponds to the presence
of correlations of random classical–like variables associated with the coin positions
“up” or “down” and the observables are mapped onto quantum observables de-
scribed by Hermitian matrices. The connection of the classical–coin statistics with
the statistical properties of qubits is found.
1 Introduction
In quantum mechanics, the formulation of quantum system states and quantum observ-
ables [1, 2, 3, 4] uses the notion of state vectors |ψ〉 in the Hilbert space, the state density
operators acting in the Hilbert space and quantum observables are identified with the
Hermitian operators acting in this space. Different representations of the state vectors
and density operators in the form of wave functions or density matrices as well as in the
form of quasidistributions on the system phase space like Wigner function [5], Husimi
1
function [6], Glauber–Sudarshan function [7, 8] were constructed. The probability rep-
resentation of quantum states where the states are identified with fair probability distri-
butions was introduced both for continious variables [9]-[11] and discrete spin variables
[12, 13, 14, 15, 16, 17]; see review [18]. The problems of formulations of quantum me-
chanics in different representations are particularly associated with intension to find the
formulation as close as possible to classical intuition and classical understanding what is
the state and what is the observable in the classical physics.
The aim of this work is to present the formulation of notion of quantum states and
observables on the example of spin–1/2 system (two–level atom, qubit), using the model
of three classical–like coins and classical–like observables related to the games with the
coins. In fact, we consider an analog of formal “hidden variables” for spin–1/2 system.
The contemporary review of hidden variables in quantum mechanics is given by Genovese
[19]. We construct in explicit form the bijective map of the density matrix of qubit
states and quantum observables described by Hermitian 2 × 2 matrices onto probability
distributions describing the positions of the three coins “up” or “down” and the classical–
like observables associated with the rules of the usual game with coin tossing, respectively.
The geometry of the qubit state in this construction corresponds to the map of Bloch
sphere geometry [20] onto triangle geometry illustrated by the triada of Malevich’s squares
on the plane [21, 22, 23] and called quantum suprematism representation of spin–1/2 states
[24, 25, 26, 27]. Different ideas to construct the formulation and geometry of quantum
states closer to the classical picture of the system behavior were discussed earlier, e.g., in
[28, 29].
This paper is organized as follows. In Section 2, we review the quantum suprematism
approach to spin–1/2 states. In Section 3, we construct a map of the spin–1/2 (qubit,
two–level atom) observable onto the classical–like coin observables. Also we obtain the
formulas connecting the quantum observable statistics with the classical–coin statistics in
the presence of the coin probabilities and coin–observable correlations. The conclusions
are presented in Section 4.
2
2 Qubit states in quantum suprematism picture
The Hermitian density 2×2 matrix ρ of spin–1/2 state in the basis |m〉, where m = ±1/2
is the projection of spin onto the z axis, reads
ρ =

 ρ1/2,1/2 ρ1/2,−1/2
ρ
−1/2,1/2 ρ−1/2,−1/2

 . (1)
Following [30] and using the notation p1, p2, p3 for probabilities to have in the state
(1) the spin projections m = +1/2 onto axes x, y, z, respectively, we can express these
probabilities as
pk = Tr (ρρk) , k = 1, 2, 3, (2)
where ρk = |ψk〉〈ψk| are the density matrices of pure states with the state vectors
|ψ1〉 =

 1/
√
2
1/
√
2

 , |ψ2〉 =

 1/
√
2
i/
√
2

 , |ψ3〉 =

 1
0

 . (3)
In view of (2) and (3), we obtain the expression for the density matrix (1) in terms of the
probabilities p1, p2, p3, i.e.,
ρ =

 p3 p1 − 1/2− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2) 1− p3

 . (4)
This relation means that we construct an invertable map of the density matrix ρ onto the
3–vector with probability components (p1, p2, p3) = ~P , i.e.,
ρ↔ ~P, (5)
and the sum of the vector components must be equal to unity. This relation demonstrates
that the spin–1/2 state is determined by three probability distributions given by the
probability vectors
~P1 = (p1, 1− p1), ~P2 = (p2, 1− p2), ~P3 = (p3, 1− p3). (6)
The probability vectors are not independent. Since the density matrix (4) must have
nonnegative eigenvalues, the probabilities p1, p2, p3 should satisfy the inequality
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 ≤ 1/4. (7)
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For pure states Trρ2 = 1, the inequality is converted into the equality
(p1 − 1/2)2 + (p2 − 1/2)2 = p3(1− p3). (8)
Since p3(1 − p3) = (p3 − 1/2)2 − 1/4 the relation (8) is symmetric with respect to per-
mutation 1 → 2 → 3. Condition (7) reflects the presence of quantum correlations in the
qubit system.
Let us consider now three classical–like independent nonideal coins. Tossing these
coins, we get three probability distributions (6). But for independent classical–like coins,
the nonnegativity condition of matrix (4) does not valid. The quantumlike description of
classical system states was studied in [31, 32]; see also [11].
The states of classical systems can be associated with analogs of density operators
[11, 33] but there is no nonnegativity condition for these operators, and they can have
negative eigenvalues. The probabilities satisfying inequality (7) and describing the spin–
1/2 state belong to the ball and the surface of sphere of the radius 1/2 in the 3–dimensional
space, with the center given by vector ~p0 with coordinates ~p0 = (1/2, 1/2, 1/2). The
probabilities describing the possible states of three classical–like coins belong to the cube,
i.e., 0 ≤ p1 ≤ 1, 0 ≤ p2 ≤ 1, 0 ≤ p3 ≤ 1. There is no dependence of the different coin
probabilities, i.e., there are no correlations providing inequality (7). But if one wants to
simulate the quantum behavior of the spin–1/2 system, the corresponding correlations for
the classical–like coins must be introduced. In this case, the map (5) of matrix (4) onto the
vector ~P, where probabilities p1, p2, p3 describe the classical–like coin states, provides the
possibility of simulation of the spin–1/2 state behavior by the classical–like coins. Both
the classical–like coin probability distributions (6) and probabilities determining quantum
spin–1/2 state and satisfying inequality (7) are illustrated by the triadas of Malevich’s
squares [21, 22, 23, 24, 25]. The squares have three sides determined by the probabilities
p1, p2, p3, and the length yk of the kth side reads
yk = [2p
2
k + 2pk+1 + 2pkpk+1 − 4pk − 2pk+1 + 2]1/2. (9)
The sum of the areas of three Malevich’s squares is
S(p1, p2, p3) = 2[3 + 2(p
2
1 + p
2
2 + p
2
3)− 3(p1 + p2 + p3)
+p1p2 + p2p3 + p3p1]. (10)
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For the classical–like coin states, the sum S(p1, p2, p3) has maximum value S
(c)
max = 6. The
maximum classical value of the sum (10) is reached for two cases where all probabilities are
zero or one. For the spin–1/2 states, the maximum value of the area (10) is S(1)max = 3 [25].
This means that quantum correlations provide the constraints on the value of probabilities
as well as the difference of the maximum value of the square area characteristics of the
classical and quantum states. The picture of quantum probabilities in terms of quantum
suprematism representation of the qubit states illustrates the difference of geometry of
the classical–like coin states and spin–1/2 states. It is known that quantum correlations
of two–qubit states provide the violation of Bell inequalities [34] characterized by the
difference of maximum classical correlation parameters represented by the number 2 and
quantum parameter given by the number 2
√
2. We see that even in the qubit state the
discussed quantum correlations provide the difference of independent classical–like coin
system behavior and spin–1/2 system behavior simulated by the classical coins with extra
constraints due to the difference of the square areas 6 and 3.
The correlations can be detected in experiments with superconducting circuits based
on Josephson junction devices [35, 36, 37] or in experiments with neutrons [38]. Corre-
sponding measurements with the superconducting qubits, which are analogs of two–level
atoms or spin–1/2 particles, also determine the maximum of the sum of areas of Malevich’s
squares.
For this, one has to measure the spin projections, e.g., of neutron on three perpendicu-
lar directions. The obtained mean values of the spin projections x1, x2, x3 determine the
probabilities p1, p2, p3, i.e., pk = (xk + 1)/2, k = 1, 2, 3. The results of the measurement
are used to find the maximum of sum (10) of Malevich’s square area. This sum has to be
compared with the theoretical number 3.
3 Quantum observables and classical–like variables
In this section, we consider the simulation of quantum observables for qubits by three
dichotomic classical–like random variables.
Let us define the rules of game with three classical–like coins as follows. If, due to
tossing, the first coin has position “up” the gain equals x, for position “down” the loss
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is the same. Thus, the random variable X =

 x
−x

 , associated with the first coin,
has two values, and for second coin the analogous random variable is Y =

 y
−y

 .
For third coin we define gain and loss by the random variable Z =

 z1
z2

 with two
different values. The mean values of random variables are determined by the probability
distributions (p1, 1− p1), (p2, 1− p2), and (p3, 1− p3) as follows:
〈X〉 = p1x− x(1− p1),
〈Y 〉 = p2y − y(1− p2), (11)
〈Z〉 = p3z1 + z2(1− p3).
Let us rewrite the random variables X, Y, Z in the form of 2× 2-matrix
A =

 z1 x− iy
x+ iy z2

 . (12)
The matrix is an arbitrary Hermitian 2×2-matrix and can be used to simulate an arbitrary
qubit observable. The qubit state has the density matrix ρ (4) expressed in terms of the
probabilities p1, p2, p3. The density matrix provides the possibility to calculate all the
moments of arbitrary qubit observable (12), i.e.,
〈An〉 = Tr(ρAn), n = 1, 2, . . . (13)
For example, as one can check the mean value of the observable A has the form
〈A〉 = 〈X〉+ 〈Y 〉+ 〈Z〉, (14)
which is the sum of the mean values of introduced classical–like random variables. To
obtain the highest moments 〈An〉, we use the generating function
G(λ) = Tr [ρ exp λA] =
∞∑
n=0
λn
n!
〈An〉. (15)
Using the formula
exp t(~σ~n) = (cosh t)12 + (sinh t)(~σ~n), (16)
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where 12 is the unity 2× 2-matrix, σx, σy, σz are Pauli matrices
σx =

 0 1
1 0

 , σy =

 0 −i
i 0

 , σz =

 1 0
0 −1

 , (17)
and ~n is the unit vector, i.e., ~n2 = 1, we obtain
G(λ) = exp
(
λ
z1 + z2
2
)
Tr [ρ exp(λr)(~σ~n)] . (18)
Here ~n = ~r/r, ~r = (x, y, z), z = (z1 − z2)/2,
r =
√
x2 + y2 + z2 and
exp λr(~σ~n) = coshλr

 1 0
0 1

+ (sinh λr)(~σ~n).
The statistics of quantum observable A is determined by the highest moments
〈An〉 = d
nG(λ)
dλn
|λ=0 . (19)
Using formulas (19), we obtain
dG(λ)
dλ
=
(z1 + z2)
2
G(λ)
+r exp
(
λ(z1 + z2)
2
)
[sinhλr + f cosh λr] , (20)
where
f = r−1
[
〈A〉 − z1 + z2
2
]
,
〈A〉 = (2p1 − 1)x+ (2p2 − 1)y + p3z1 + (1− p3)z2, (21)
and
d2G(λ)
dλ2
= (z1 + z2)
dG(λ)
dλ
+
[
r2 −
(
z1 + z2
2
)2]
G(λ). (22)
One can check that
〈A2〉 = (z1 + z2)〈A〉+
[
r2 −
(
z1 + z2
2
)2]
. (23)
Due to (22), all the derivatives of the generating function dnG(λ)/dλn are expressed in
terms of G(λ) and dG(λ)/dλ. We have the following property of the highest moments of
quantum observable A. All the highest moments depend on the probabilities p1, p2, p3
only due to the dependence of mean value 〈A〉 on these probabilities.
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The obtained results can be formulated as the following recepie: How to simulate the
quantum mechanics of spin–1/2 system by classical rules of game with three classical–
like coins and classical–like variables x, y, z1, z2 associated with the coin tossing? One
has probability vector ~P = (p1, p2, p3) as a result of tossing the coins. The vector is
mapped onto the matrix ρ which is postulated to be density matrix, and this means
that there are quantum correlations expressed by inequality (7). Three classical random
variables defined by the rules of the coin game and taking values (x,−x); (y,−y); (z1, z2)
are associated with the matrix (12). This matrix is postulated to be a qubit quantum
observable. After this, applying the quantum rules of obtaining the statistics of quantum
observable for given quantum states, we express all the highest moments of an arbitrary
observable in terms of classical coin probabilities p1, p2, p3 and classical random variables.
Such quantum ingredient as the fidelity is expressed in terms of the probabilities associated
with the classical coin game, i.e.,
Tr(ρ1ρ2) = p3P3 − (1− p3)(1− P3)
+ [(p1 − 1/2)− i(p2 − 1/2)] [(P1 − 1/2) + i(P2 − 1/2)]
+ [(p1 − 1/2) + i(p2 − 1/2)] [(P1 − 1/2)− i(P2 − 1/2)] .
(24)
Here p1, p2, p3 are the probabilities which determine the state with density matrix ρ1
and P1, P2, P3 are the probabilities which determine the state ρ2. Also such quantum
property as the superposition principle can be formulated as nonlinear addition rule for
probabilities determining the state, which are pure ones [24, 39].
4 Conclusions
To conclude, we point out the main results of our work. We demonstrated that the
quantum mechanics of such system as qubit (spin–1/2, two–level atom) can be simulated
by using three classical–like coin states associated with probabilities to get coin positions
“up” and “down”. Also quantum spin–1/2 observables can be simulated by the rules of
game with these three coins. The quantumness of the system in this picture is related
to the presence of quantum correlations imposed onto the coin behavior and expressed in
8
terms of inequality (7). The state density matrices are constructed using the classical–like
coin tossing probabilities by postulating the form of matrices (4). The new observation
of this study is the existence of generating function (15) for highest moments of spin–1/2
observables and its expression in terms of classical–like coin probabilities and classical–
like random variables. The approach has geometrical interpretation for the qubit states
in terms of Malevich’s square picture. The quantumness of the states is responsible for
the bound 3 for the maximal area of the sum of Malevich’s squares. The developed
method can be extended to the case of qudits. We present this method in the future
publication. It is worth noting that the formalism of quantum mechanics and its relation
to classical physics formalism is discussed in the literature during many decades. In this
connection, the review [40] presents the recent discussion of the approach called QBism
[41]. In addition to this, the quantum suprematism representation we used to discuss the
example of spin–1/2 system states and observables in terms of absolutely classical objects
like classical coins and classical random variables provides the possibility also to clarify
some classical–quantum connections. In is worth noting that the probabilities p1, p2, p3 do
not satisfy the equation p1+p2+p3 = 1. In fact, we use not joint probability distribution
which gives the conditional probabilities with Bayes rule but the set of three probability
distributions which obey the constraints (7).
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